Abstract: Choice of ultra wideband (UWB) pulse shapes has become an interesting challenge such that the spectral limits of the frequency band approved by the Federal Communications Commission (FCC) can be utilised efficiently. In this paper, we compare the efficiency of various UWB pulse shapes based upon their power spectral density (PSD) and autocorrelation functions (ACF). We propose a set of prolate spheroidal wave functions (PSWF) for a typical M-ary pulse shape modulation (PSM) scheme. In the process, we show closed form expressions for the ACF of PSWF-based UWB pulse shapes of different orders.
Introduction
Ultra wideband (UWB) communications provide powerefficient wireless technology capable of high-rate data transmission. This is primarily due to availability of the unlicensed bandwidth approved by the Federal Commission on Communications (FCC). The fractional bandwidth specification as recommended by the FCC is (Federal Communications Commission, 2002) 2 20%,
where the range of frequencies is from 3.1 GHz (f l ) to 10.6 GHz (f u ). The emitted power spectral density (PSD) is to be kept significantly low (-41 .3 dBm/MHz) so as to avoid interference with the existing communication systems such as WLAN (2.45 and 5.0 GHz), fixed wireless (5.9−8.6 GHz), and GPS systems (1.177−1.58 GHz), etc.
Several modulation schemes such as pulse position modulation (PPM) (Win and Scholtz, 1998) , pulse shape modulation (PSM) (da de Campos, 2002, 2007) , and combinations of them (Mitchell et al., 2003; da Silva and de Campos, 2003) are proposed for UWB transmission. Time-hopping pulse position modulation (TH-PPM) scheme utilises Gaussian monocycles as the transmitted pulse shape (Win and Scholtz, 2000) . Such a scheme is introduced towards improving the performance of multiple access, time-hopping UWB communications schemes. A bipolar PPM using orthogonal UWB pulse shapes based on modified Gegenbauer functions is discussed in Elabed et al. (2012) . A M-ary PSM scheme based on the orthogonal properties of Hermite pulses is reported in Ghavami et al. (2002) , Wallace et al. (2005) and de whereas such a scheme utilising PSWF is shown in Usuda et al. (2004) to achieve high data rate in a severe multipath fading environment. A 4-ary PSM scheme based on PSWF acts as a physical layer for broadband satellite communications in W-band showing distinct advantages over raised cosine filtered quadrature amplitude modulation (QAM) (Sacchi et al., 2011) . Performance comparison of UWB modulation schemes based upon the fifth derivative of Gaussian pulses is discussed in Abedi and Yagoub (2012) .
UWB signal with sub-nanoseconds pulses result in better resolution of multipath effects and consequently reduce fading margins. The emission profile of UWB is determined by its PSD characteristics. The transmission bandwidth of UWB systems is much larger than data modulation bandwidth. This reduces the magnitude of PSD and yields high data rate. However, PSD of baseband modulation for a time-hopped sequence of UWB pulse shapes consists of continuous and discrete components. The discrete components do not convey any information but cause PSD to increase (Mo and Alexander, 2004) . These spikes are to be reduced by proper design of UWB pulse shapes so as to conform to the FCC regulations. Also in a multiple access and frequency selective multipath fading scenarios, problems of timing jitter affects the system performance. Since all UWB signalling systems incorporate correlation receiver schemes the desired signal component is determined by the area under the autocorrelation function (ACF). Hence, the pulse shapes proposed in UWB literature need to be analysed in respect of time-limited and bandlimited performances of their ACF and PSD so that dual requirements of finite limits in time-frequency domain are met.
Analytical results are few in literature in regard to the PSD and the ACF of UWB signals although several such pulse shapes are proposed for PSM. In this paper, we evaluate the performance of UWB pulse shapes for PSM-based modulation in terms of their PSD and ACF. We present in Section 2 a matrix representation of the ACF for a trans-receiver system with PSM. In Section 3, we develop the analytical expressions for the PSD and the ACF of Gaussian, modified Hermite pulses (MHP), and those for prolate spheroidal wave functions (PSWF). The derivation of the ACF for different orders of PSWF hitherto not available in literature is given in Section 4. Results of the PSD and ACF of these UWB waveforms are discussed in Section 5 with comparative reasoning in terms of optimal utilisation of the FCC approved spectral mask.
2 Trans-receiver system for UWB-based M-ary PSM scheme
The pulse positions for M-ary PSM in successive time frames are shown in Figure 1 . In this scheme M symbols are represented as N-tuples of orthogonal UWB pulse shapes.
Let ψ(t), 0 ≤ n ≤ N − 1 be a set of pulses such that
forms a set of orthonormal basis functions. Let the set of symbols transmitted be
... .
The transmitted signal for the i th symbol of the p th transmitter in the M-ary PSM scheme is The composite received signal r(t) for the i th symbol at one receiver in Figure 2 for N u transmitters is ( )
where τ p represents time asynchronism between the clock of the p th transmitter and the receiver, and n(t) is the additive white Gaussian noise (AWGN) process in the channel.
The correlator output of the received signal component in Figure 2 from the p th transmitter for the i th symbol is ( )
where 〈ψ j (t), ψ l (t)〉 represents the inner product of the orthonormal basis functions under the integral operation. The received signal component in equation (6) is The N-dimensional correlator output Y for the signal component with a random delay τ p for all the basis functions in ψ(t) is the expectation of the correlator output given in equation (7). ( 1) 
, .
The autocorrelation matrix R reduces to a diagonal form as the crosscorrelation terms E[ψ j (t), ψ l (t)], j ≠ l are close to zero due to orthonormality amongst the basis functions. The eigenvalue matrix Λ for ψ(t) is given by the diagonal elements r jl (τ p ), j = l of R those represent the ACF for the basis functions in ψ(t).
( ) 
Equation (9) suggests that the receiver performance can be evaluated in terms of the PSD and the ACF of the N-tuple UWB basis functions employed in M-ary PSM scheme. In the following two sections we evaluate closed form expressions of ACF and PSD of frequently utilised pulse shapes in PSM.
PSD and ACF of UWB pulse waveforms

Gaussian pulses
In general, the n th order derivative of a Gaussian pulse is given recursively as ( 2) ( 1) 2 2 ( 1)
with σ being the scaling factor for the Gaussian variable t. The PSD of the n th order derivative of Gaussian pulse is
The ACF of ψ (n) (t) for a time lag parameter τ is shown to be
Utilising the duality property of Fourier transform the ACF for the n th order derivative of Gaussian pulses in equation (12) 
The PSD for Gaussian pulses as derived in equation (12) are shown in the plots of Figure 3 . Normalised shapes of R nG (τ) for n = 1, 3, 5, and 10 for time limited derivatives of Gaussian pulses are shown in Figure 13 .
MHP wave functions
The Hermite polynomials of order n can be defined in the time interval (−∞, ∞) by the Rodrigues formula or as the derivatives of Gaussian pulses.
Hermite polynomials are not inherently orthogonal but for the purpose of using them as pulse shapes in the PSM scheme they can be modified to become orthogonal (Ghavami et al., 2004) associated with a scaling factor K n . Such n th order modified Hermite pulses (MHP) are given by,
E n being the energy in the pulse.
The ACF for the n th order MHP with a time lag parameter τ is ( ) ( ) ( ) . 
The integral in equation (18) represents expectation operator 
However, the ACF for a generic Hermite polynomial given in (15) is derived in Nadarajah (2007) .
Utilising direct form of Fourier transform we obtain the PSD of the n th order MHP pulse shapes as
The expressions for the PSD of a few higher orders MHP are given in Table 1 .
PSD and ACF of PSWF ψ n (c, t)
Prolate spheroidal wave functions (PSWF) are an attractive option for UWB pulse shapes due to their double orthogonality in time-frequency representations. They are special functions offering a solution to the energy concentration problem in a finite duration pulse. PSWF of the form ψ n (c, t) are real, continuous functions of time t for c ≥ 0, where
is the time-bandwidth product (TBW), and n represents the order of the pulse.
The normalised pulse shapes for PSWF is given by (Slepian and Pollock, 1961) 1/ 2 0,1
The prime over the summation represents either the odd or even series of k. The eigenvalues λ n (c) of equation (21) 
The PSD of ψ n (c, t) is the square of Fourier spectrum in
The expression for the ACF of ψ n (c, t) is found as the inverse Fourier transform of the PSD function. Here P k (ω) is the Fourier transform of P k (t). 
Here, the ACF for P k (t) for both the odd and even series expansions are given by the crosscorrelation terms R kl (τ) between P k (ω) and P l (ω) for k ≠ l, whereas the autocorrelation of P k (ω) are given by R k (τ). In the next section we show the closed form expressions for autocorrelation and crosscorrelation terms for the Legendre polynomials.
Evaluation of R k (τ) and R kl (τ) for the ACF of PSWF waveforms
The Legendre polynomials are expressed by Rodrigue's formula (Abramowitz and Stegun, 1965) as
Fourier transform of the above expression of Legendre polynomial is
where,
is the Bessel function of fractional order (k+1/2) in the Fourier domain. From (26) and (27),
Therefore, R k (τ) for the Legendre polynomials of different values of k are obtained as ( ) 
Here * stands for convolution of the time functions. The time functions f n (τ) may be recursively derived as
and for n ≥ 2 (32) is the Heaviside function for −2 < τ < 2.
The values of R k (τ) and R kl (τ) for the Legendre polynomial expansions with k = 0 to 6 are listed in Table 2 .
5 Discussion on the PSD and ACF plots of the UWB waveforms
Analysis of the PSD
The PSD of the derivatives of Gaussian pulses in Figure 3 have a dc component and are not found to be contained within the allowable FCC mask signifying probable interference with the services such as Bluetooth and GPS. On the other hand, the PSD of higher orders (n ≥ 3) of MHP in Figure 4 demonstrate better occupancy of the FCC spectral mask, and are better candidates for a PSM scheme. As seen from Figure 4 , a frequency translation of the lower order MHP can shift the PSD appropriately at the cost of receiver complexity. In the case of PSWF, the PSD is found to increase with increasing values of c for a particular order n signifying higher concentration of power in the limited bandwidth. On the other hand the PSD decreases with increase in n for constant c as shown in Figures 5 and 6 respectively. The in-band energy concentration of PSWF is compared with the PSD of MHP in Figure 7 . The PSD of PSWF is found to have better spectral concentration in the limited bandwidth recommended by the FCC than that of MHP.
The PSD of PSWF demonstrates sharp band-pass characteristics compared to those of MHP. The slow roll-off for the Gaussian pulses results in power spillover to adjacent frequency bands.
Table 2
Expressions of R k (τ),R kl (τ) of P k (t) for degrees k = 0 to 6 
Analysis of the ACF
Time-domain representations of PSWF pulses in Figure 8 show that the number of zero crossings for each pulse is equal to the order of the pulse. It is observed from Figure 9 that the zero-crossings of PSWF shift towards the origin with larger values of c signifying time compression of PSWF pulses. This time compression of PSWF for higher values of c results in sharper decorrelation and hence sharper ACF for PSWF shown in Figures 11 and 12 . The ACF of odd ordered PSWF in Figure 11 have sharper decorrelation than the ACF of Gaussian pulses of same order shown in Figure 13 . The variation of the pulses for MHP is much higher compared to PSWF within the same duration of pulse width and for the same order as shown in Figure 10 . This results in a sharper ACF for MHP and consequently a lesser de-correlation time. However to cater for the timing jitter and multipath effects an additional delay in τ is introduced in the composite received signal. Consequently, the desired SNR reduces as φ kk (τ) << φ kk (0). Hence, the narrower ACF of MHP becomes disadvantageous for a correlation receiver scheme in presence of jitter and multipath effects as the decorrelation among MHP pulse shapes is too sharper for optimum detection results.
The results shown in Figures 11 and 12 are those of normalised R pswf (τ) utilising the ACF of P k (t) given in Table 2 for even values of n from 0 to 6. The corresponding eigenvalue matrices Λ 2 and Λ 12 for c = 2, and 12 respectively are given below. The values of diagonal elements in both Λ 2 and Λ 12 are in descending order as is expected for λ n (c). These results are evaluated for τ p = 0.1 nsecs with an assumption that all pulses for the p th receiver arrive with the same time delay. The cross-correlation terms in this procedure are of the order of 1E-16. The value of c is restricted below 12 as the waveforms displays asymptotic behaviour beyond c ≥ 12. It is observed that for n = 6 and c = 12, the eigenvalue λ 6 (12) which represents the fractional power concentration within the pulse width is 0.9. 
Conclusions
The chosen pulse shapes for UWB-PSM scheme should have its PSD restricted within the FCC mask without interfering into the adjacent licensed bands, and at the same time provide a PSD close to the defined upper limit (-41.3 dBm/MHz). Since the eigenvalue λ n (c) is a measure of such fractional power available within the mask, a value of λ n (c) close to unity should be earnestly preferred. It is observed that a suitable combination of choice of order n and time-bandwidth product c which is an additional degree of freedom for choosing as many pulse shapes can provide such a value of λ n (c). This facilitates selection of a larger set (N) of orthonormal pulse shapes in case of PSWF, resulting in larger symbol size (M), and higher symbol rate as compared to Gaussian and MHP pulses. Also, higher order pulse shapes (say n = 6) would have sharper ACF with robust receiver characteristics in a multiple access scenario. The PSD of PSWF demonstrate distinct bandpass characteristics. This multiband property of PSWF is certainly useful in selecting the band of operation in presence of existing licensed communication such as WLAN and GPS utilising M-ary PSM schemes.
